VANISHING CYCLES AND HERMITIAN DUALITY 
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Abstract. We show the compatibihty between the moderate or nearby cycle functor for 
^ , regular holonoinic D-modules, as defined by Beilinson, Kashiwara and Malgrange, and 

r'~S . the Hermitian duality functor, as defined by Kashiwara. 
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Introduction 



The Hermitian dual of a P-module was introduced by M. Kashiwara in |0|, who showed 
that the Hermitian dual of a regular holonomic P-module is also regular holonomic (hence 
coherent). In this paper we show a compatibility result between this functor and the nearby 
2 I or vanishing cycle functor relative to a holomorphic function for such modules. The latter 

may be defined using the V-filtration (introduced by Beilinson, Kashiwara and Malgrange). 
Moreover we make the link with asymptotic expansions of integrals along fibres of the 
function. This gives a generalization of previous work of D. Barlet on Hermitian duality 
^ ' for the local Gauss-Manin system of an analytic function. In particular this gives a simpler 

^O . approach to the "tangling phenomenon" described by D. Barlet in p|. 

' I 
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1. Hermitian duality 



r~| ■ 1-a. Notation. Let {X,Ox) be a complex analytic manifold of dimension n, (^r,^Xr,) 

be the underlying real analytic manifold and let {X, O^ = Ox) be the complex conjugate 
r^ i manifold. Denote by Vx {resp. 2>^) the sheaf of holomorphic linear differential operators 

.. \ on X {resp. X). 

K^ ■ Denote by '■ f ^^ f the R-isomorphism Ox -^ Oj^ and Vx —> 1^. It induces a trivial 

Jv>( I conjugation functor, sending Px-modules to P-^modules; if Al is a I?x-module, we denote 

;_j ' by A^ the R-vector space A4 equipped with the action of T>^ defined as follows: denote by 

m the local section m oi Ai viewed as a local section of M; then P ■m = Pm. 

Let Sb^R. (also denoted by Sfax for short) be the sheaf of distributions on X-r,. It acts on 
the sheaf C°°-forms ip with compact support of maximal degree, which is a right Vx and V^- 
module. Then Tihx is a left Vx and D^module by the formula {PQfi){(p) — fj,{ip-PQ). The 
sheaf Cxr = XI b)^'" of currents of maximal degree is a right Vx and I>^module obtained 
from S)bx by "going from left to right". 

It will be convenient in the following to denote by O^ -^ {resp. V^ ^) the sheaf Ox (^c O^ 

{resp. Vx (8)c ^x) and to view T)bx {resp. Sb)^'"" ) as a left {resp. right) I? j^^ y module. 
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Let Z be a reduced divisor in X and Ox[*Z] the sheaf of nieromorphic functions on X 
with poles along Z. There is an exact sequence of left V^ y modules 

— > Tibx,z — > ^bx — > Tibx°'^^ — > 

where 'Dbx,z denotes the sheaf of distributions supported on Zr and (see e.g. fl^, Chap. VII]) 

S)b;^°^^ = Ox[*Z] ® Sbx =imagc[I)bA- -^ i*^bx-z] 

Ox 

denotes the subsheaf of j, Dbx-z (where j : X — Z "-^ X denotes the open inclusion) of 
distributions on X — Z with moderate growth along Z . 

l.b. The Hermitian duality functor Q. Denote by Cx the Hermitian duality functoij^. 
Recall that Cx is a contravariant functor from the derived category D^ {'Dx) to the category 
D^{V^) defined as 

Cx{M') = Rnomvx{M',Tibx). 

It restricts as a functor from the full subcategory D'l^^{T>x) of bounded complexes with 
regular holonomic cohomology to D\^^{V^) and is equal to the functor 7-^077ii)^(.,£)bx) on 
the category of regular holonomic Px-modules (see Q, see also ||, Chap. VII]), defining 
there an anti-equivalence of categories between yiodhri'Dx) and Modhr(^x)' ^'^'^ between 
D\^^{'Dx) and D\^^{V^), Cj^ being a quasi-inverse functor. On D^^(2?x) we have 

n^CxM' = CxU^M'. 

Last, recall (see [pi) that the conjugate of a regular holonomic right Px-module M. is the 
right 2?x-inodule defined as 

M^ = Tor^^(A7,S)b|^''°^) 



and satisfies DR Al^ — DR A^. The conjugate of a left module is then obtained in the usual 
way. 

For Z as above, we will denote by Cx°'^ ^ the functor defined as 

^modz^yy^) ^ Cx{M)[*Z] = nomvx{M,mT^^). 



We will call Cx{M) the Hermitian dual of Al. 

We may also define the Hermitian dual of a right regular holonomic I?-module by using 
the sheaf Sbj^'" of currents instead of the sheaf Dbx of distributions. 

Remark 1.1 (Extension to the holonomic case). Kashiwara conjecured (see |£[ Rem. 3.5]) that 
the previous results remain true for holonomic modules. This is proved in p4[ when the 
support of Af has dimension 1 and in some cases when it has dimension 2. If this conjecture 



is true, Theorem 3.8 also applies to holonomic modules. It would then be interesting to 



extend Theorem 2.1 below to the nonregular holonomic case in order to get a holonomic 



analogue of Theorem 4.25 



^It is called improperly the "conjugation functor" in 
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I.e. Sesquilinear forms on I>x-modules. Let AA',M." be two left 2?jf-niodules. A 
sesquilinear form will be a T)^ y linear morphism 

S:M'®M^ — > Dbx. 
c 

The datum of S is equivalent to the datum of a P-^^linear morphism 

Ls-.J^ — > nomvAM"Zhx)- 

We say that S is nondegenerate if this morphism is an isomorphism. 

When M' ~ A4" = Al is regular holonomic, this is equivalent to saying that Ls : 
M — > CxM. is injective (or surjective), because M and CxM have the same characteristic 
variety (as their de Rham complexes are Verdier dual one to each other). We say that S is 
±-Hermitian if Cx{Ls) = ^Ls, in other words if S^m,]!) — ±S{fj,,m) in 'Dbx- 

l.d. Direct and inverse image by a closed immersion of codimension one and 
Hermitian duality. Let Z he a. reduced divisor in X and i : Z ^^ X [resp. i : Z '—^ X) 
denote the inclusion. Let j+j^ be the localization functor along Z and denote by jf j^ its 
adjoint by duality, i.e. j-\j'^ = Djj^j^D, where D denotes the duality functor on holonomic 
I>x-modules given by DM = Tiomj,^ [Q^^,£xt^^{M,'Dx)), with n = dimX. 

We also consider the two functors i_|_i+ and i+i^. Recall that, for a holonomic 2?x-niodule 
A^, we have the following two dual exact sequences 

> H-\i+i+M) > M ^°^ ; i+J+X > H°{i+i+M) > 

y H°{i+i^M) > jij+M > M > n\i+i''M) > 

coloc 

Proposition 1.2. There is a naturalisomorphism of contravariant functors fromModhriT^x) 
to ModhriV-Y) 

under which Cx(coloc^) corresponds to loccxM- 

Proof. The first part is proved in [^^ Proposition n.3.2.2]. We now want to prove that the 
following diagram 

Cx (colocA^ ) , ^ 
Cx{M) —^ 4 Cxij^j+M) > CT^^JV^M) 



\0CCxM~~~~ 






commutes. Remark first that it clearly commutes on X — Z. Put Af = Cx{M.). The upper 
part of the diagram gives a morphism ip : M ^ M[*Z] which induces the identity on X — Z . 
It thus factorizes uniquely through loc : A/" ^ A/'[*Z] to give a morphism -0 : A/'[*^] -^ N[*Z] 
equal to Id on A — Z. It follows that 'ip — Id (indeed, i/" is injective because A/'[*Z] has no 
torsion supported on Z, and therefore is onto as A/'[*Z] is holonomic). D 
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Corollary 1.3. The nondegenerate pairing 



j^j+M®CT''^{M)^mx 



induces a nondgenerate pairing 

'H-^{i+i+Cx{M))®n^{i+i'^M) — ^Dbx 
c 

and hence an isomorphism 

n-^{i+i+Cx{M)) -^ Cx'H^ii+i'^M) 
fork = 0,1. D 

Corollary 1.4. Assume that Z is smooth. Then there is a natural isomorphism of functors 
(k = 0, 1) 

CzoHH^)^n-''{i+)oCx- 

Proof. Remark first that there is a natural isomorphism of functors 

Cx °i+ -i+° Cz- 

Indeed, denoting by ij^+ the direct image of P^ "z'^iodules, recall that one has Sfax.z = 
i+_i_ Db^: indeed, put Vx^z ®c ^x^z ^ -^z^xz^X ^^'^ consider the natural morphism 
of right V^ j^-modules 



Cz C 



^_ {'^z^x.z^x) -^ e:x 



such that, for any local section /i of €z, the image of /i ® 1 evaluated on any function 
if £ C^{X) is equal to fi{ip\z)', this morphism is an isomorphism, as can be seen from a 
local computation; going from right to left, one gets the assertion. 
It follows that 

Hom'Px{i+M,'Dbx) = R'Homvx{i+M,'Dbx,z) 

/ L L \ 

= Ri^RHomi-i-D^iVx^z ® M,V^^^^^-^ ® 'Dbz) 

L / L L 

= Ri^V^-^ ® RHom,-ix>^[Vx^z ® M,Vx^z ® Sbz 

V^ V Vz Vz 

L 

= Ri^^V^^-^ ® RT-LomT>z{M.,'Zhz) (Kashiwara's equivalence) 
= i+CzM. 
As «+ and z+ are exact functors, we obtain from Corollary |1.3| an isomorphism 

i+Cz o n'^ii^) ~ z+H-^(7+) o Cx, 

and thus the result, as T+ is an equivalence. D 
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2. Regular holonomic distributions 

2. a. Regular holonomic distributions Q, ^, chap. VII]. Let fl be an open set in X. A 
distribution u G J)b(r2) is regular holonomic if the sub-Pn-module Pq • u (or equivalently 
the sub-2?Q"™o<iul6 ^TT ' ""' '^f- iB Proposition 4], [^ Proposition 7.4.2]) of Dbn is regular 
holonomic. The notion is local, i.e. there exists a sheaf RHSbx such that the set of regular 
holonomic distributions on fl is r(ri, RH!Dbx)• 
Notice that RHDbx is a left T>x and I3y module. It will be convenient to consider 
the subsheaf C^ ■ RHS)bx of Tlbx whose local sections are finite combinations of regular 
holonomic distributions with C°° coefficients. 

Analogous results hold for RHSb^"'^^- Notice that we have 

RH£)bx°'^^ = Ox[*Z] ® RHDbjf = image [RHSbj^ -^ ^bx-z] ■ 

Ox 

The following is a slight generalization of ||l[ and y, Theorem 11]. 

Theorem 2.1. Let X = Z x C have dimension n + 1 and let u be a regular holonomic 
distribution on the open set Q x D of X . Let ip G P"'"(r2) be a C'°° {n,n)-form with 
compact support. Then {u,ip) G Db(L') is in r(i:', C°°RIIDbc). 



Proof. According to Remark |2.5| and Proposition p.6| below, it is identical to the one of 
loc. cit, using the existence of a good Bernstein relation (c/. for instance [^ Theorem 8.8.16] 
and the references given there) in order to prove the existence of a good operator as in |j. 
Proposition 8]. D 

2.b. Regular holonomic distributions in dimension 1. Assume now that X = C and 
Z = {0}. Let t be a coordinate on C. For a G C such that — 1 < Rea < and p G Z, put 

|tr^("+^) ii^i^ G LL(C) iip>0 
pi 

iip<0. 

then it is easy to show that the family u^^p satisfies 

(2.2) (dtt + a)ua.p = (9j-t + a)ua,p = Uq,p-i. 

This implies in particular that Ua,p G RHSbco- 

Let RH£>bc°o'^° denote the image of RHSbc,o in S)bc°o'^'' = £>bc,o[lA] = Dbc,o[l/i]- 
We then have 

RHSbg°o''° = RH2)bc,o[l/i] = RHI)bc,o[l/^- 
It is known (see g, chap. VII, §7]) that 

(2.3) RHDbro'" = E EcwrTc{t}rV"o,p 

-l<RcQ<0 p 

where u denotes the image of the distribution germ u in S)bc°o "• 
Thus, (U) implies that 

RHS)bS°o'^° = E E^c,o-Pc,o-^",P 

-l<Rea<0 p 
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from which we deduce that 

-l<Rca<0 p 

(2.4) = J2 E^c,o-I?c,o-"a,P 

-l<Rca<0 p 



because the Dirac distribution S can be written as 



—2inS = dtdrloslt] . 



Remarks 2.5. (1) Let u G RHDbc.o and put A4 = "Dc.qu C RHS)bc,o- Denote by u 
the image of u in X)b§°Q . Then the regular holonomic module 7W[t~^] is naturally 
embedded in RHS)bc°o °' ^^^ image of u in 7\/([<~^] is u via this embedding and 
A^[t~^] = Vc,o[t~^]u, so T>c,ou is identified with the quotient of Ai by its torsion 
supported at the origin. 
(2) Using Borel's lemma, one can show that C°°Rli1)b^°Q^ is equal to the subspace of 
germs at of C°° functions on C* having an infinitely termwise differentiable asymp- 
totic expansion at 0, in the sense of Q, the exponents of which belong to a finite 
union of lattices in C. 

Mellin transform. We also have a characterization of C°°RHS)bc.o in terms of Mellin trans- 
form (0). Let u £ Sbco be a germ of distribution, and denote also by u a representative 
of this germ in r(_D,S)bc) where I? is a small disc centered at the origin. Let x ^ Cj?°(I?) 
such that X = 1 near and having a sufficiently small support. Then, for any k' ,k" G Z, 
define 

Ji'''^^"\s) = {xu^t'^'t" \t\^'dthdt) 

which are holomorphic on Re(s) ^ 0. These functions depend on x np to the addition of 

ik' k") 

an entire function. So the classes of J^u ' modulo 0(0) only depend on the germ u. 

ik 0) (0 k) 

Moreover, these functions can be recovered from the functions Ju ' and Ju ' for fc e N, 
because, if for instance k' > fc", we clearly have Ju' ' (s) = Jm ' (s-t-fc"). Moreover, 

Ju ' only depends on the image of u in Sbc°o ■ 

Proposition 2.6 (|^, Theorem 4]). Let u e I)bc,o- Then u G C°°RHDbc,o «/ and only if 
there exists a finite set 7^ C C such that for all k ^ N the functions Ju ' , Ju ' , which 
are holomorphic on Re(s) ^ 0, extend to meromorphic functions on C with poles at most 
in TZ + Z, and satisfy 

{3R > 0), (ViV > 0), (V^ > 0), (Vf > 0), 

\s + k/2f \kf sup (I Jf '°)(s)| , \ji"^^\s)\) < C{u,N,i,i')R^<^+'^/^^ 

for Re(s + fc/2 + A^) > -1 and \s + fc/2| > 0. 

Proof. Remark first that u G RHS)bc,o if and only if its image in J)bQ°o ° belongs to 

RHS)bQ°Q'^°. Moreover, we may fix a representative for u and consider xu to define Ju ' (s) 

or Ju ' . The condition in the proposition is easily seen to be independent of these choices. 
The result is then a direct consequence of [0, Theorem 4] . D 
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3. Hermitian duality and moderate nearby/vanishing GYGLES 

We will show in this section the compatibility between these functors. We will first recall 
briefly the construction of moderate and vanishing cycles for holonomic P-modules, in order 
to be able to give a detailed account of the compatibility. 

3. a. Notation. We fix a total ordering on C, denoted by <, which is assumed to satisfy 
(a), (b), (c) below: 

(a) it induces the usual ordering on R, 

(b) for a e R, {0 e C I z < a} = {z e C I Re(z) < a}, 

(c) for a £ R and z, z' G C, z < z' <;=^ z + a < z' + a. 

In the following, we will choose the ordering on C induced by lexicographically ordering 
the triples (Re(a), |Im(a)| , Im(a)). With such an ordering wc have 

{a e C I -1 < a < 0} = {a e C I -1 < Re a < 0}. 

For a complex number 7, denote by [7] the largest integer less than or equal to 7, using the 
fixed total ordering on C. 

3.b. Review on the Malgrange-Kashiwara filtration. Let Z he a complex analytic 
manifold of dimension n, put X = Z x C,lct t denote the coordinate on C or the projection 
X —* C and consider the inclusion Z = Z x {0} ^-> X. 

For a holonomic Px-modulc Ai, let V,{A4) be the Malgrange-Kashiwara filtration on A4 
relative to Z x {0} (see e.g. ||l^): this is a filtration indexed by the union of a (locally on Z) 
finite number of lattices cr + ZcC(iTeS and we may choose the finite set S C C contained 
in Re(cr) £ [0, 1[), using the ordering specified above. For any a G C, the graded module 

gr^ A4 — VaA4/V<^a-M is P^-holonomic (and moreover regular when M is so) and comes 
equipped with a nilpotent endomorphism N, induced by the action of —{dtt + a). 
We have isomorphisms 

(3.1) t : VaM -^ Va-iM (a < 0) 
and 

(3.2) dt-.g^lM^grl^^M (a>-l). 
The complex i^ Ai is quasi-isomorphic to the complex 

gT^M^^gr\M 
(where the right term has degree 0) and if A^ = jfj^Ai it is also isomorphic to the complex 

gr^iA^-^gr^iA^. 
Similarly, the complex i'^Ai is quasi-isomorphic to the complex 

gr^i M — ^ gr^ M 
(where the left term has degree 0) and ii M = j+j^M. it is also isomorphic to the complex 

g,\M^^gTl,M. 



In particular, if A1 = j^j^Ad, we will identify 




(3.3) n°{i^M) with Keiitdt : gr^i M - 


^gr'^iM] 


and, if A^ = jfj^M, 




(3.4) H"{i+M) with Cokeiitdt : grZ^ M - 


-^ gr^i M 
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Analogous results hold for holonomic I?ymodules. We still denote by V, the Malgran- 
ge-Kashiwara filtration and by A^ the nilpotent endoniorphisni induced by — (9j-t + a) on 

3.0. Review on moderate nearby and vanishing cycles (see e.g. ||l^, [l5|). Let ^A 

be a holonomic Px-module (specializable would be enough, see e.g. [Q). Let a be such 
that -1 < a < and put A = exp(2i7rQ;). For p e N, put Ma,p = {M[t^^]y^^ = 
®fe=o-^[^~^] '^ ^a.k- The Px/c-structure on Aia.p is the direct sum of the 2?x/c-structures 
on each term A4[t~'^] and the Px-structure is given by the relation 

tdtim ea,k) = [{dtt + a)m\ (g) Ca^k +m® ea,k-i, 

with the convention that e^^k = for fc < 0. Remark that A4[t^'^] is a direct summand of 
M-i^p for any p > (we may consider that Ca.k plays the role of the multivalued function 
i"+i(logi)Vfc!). 

We have natural morphisms of 2?x-modules: 

Ma,p ' ' > Ma.p+l 

p p 

k=0 fc=o 

and 

Op-\-l p 

Ma,p+1 '-^ Ma,p 

p+1 p 



fc=0 A;=0 

We will denote by N (without index p) any of the endomorphisms 

N = ap^i^p o &p,p_i : Ma,p — > Ma,p, 

sending m(^ea,k to m(^ ea,k-i- The inductive {resp. projective) system 'H'^{i'' Ai a, p) {resp. 
'H°{i~^jfj~^Ma,p)) where the maps are induced by Cp.p+i {resp. &p+i_p) is stationary locally 
on X, and both systems have a common limit isomorphic to gr^A^: we may identify 
gr^j Ma,p with ©^^Q grj^ M ® ea^k] the natural mappings 

gr^ M > gr^i Ma,p 

(3.5) mo I > (B[-idtt + a)]''mo(Sea,k 

k=0 

and 

grriA^a,p >grlM 



p 



(3.6) ©mfc®ea,fci > ® [-{dtt + a)]''mp_k 

k=0 fe=0 

induce, for p large enough, an isomorphism from gr^^ A4 to Kei tdt — TC'^{v Aia p) and from 
Coker tdt - n°ii+j^j+Mc.,p) to gv^ M. 

We denote this limit by tp^^'^M. and call it the moderate nearby cycle module associated 
with A^, with eigenvalue A. We also denote by A^ the endomorphism induced by the previous 
A^. It corresponds naturally to —{dtt + a) via both isomorphisms with gr^ A4. Notice also 
that the inductive system of Tt^ (resp. the projective system of TC^^) has limit 0. 

The construction of the moderate vanishing cycle module (j)™°'^{Ai) is achieved by con- 
sidering the inductive sytem of complexes Ai — > A/(-i.p (where the right term has degree 
and the map is the composition of loc : A4 ^ M[t^^] with ao,p : M[t^'^] -^ M-i^p) 
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instead of the single module A4a,p- The only possible non vanishing limit is also ob- 
tained for H°i^. It can also be achieved by considering the projective system of complexes 
j-fj~^Ai-i^p — > Ai (where the left term has degree and the map is the composition of 
j^j~^bpfi and coloc : j^j^M. -^ AA) and the projective limit of HPi^ . Let us give some 
precise description. The complex i^{M -^ A4-i^p) is the single complex associated to the 
double complex 

j^j+M >j^j^M-i,p 

coloc coloc 



M' 



-^M-i^p 



gr^i M 
dt 



-^gr^,{M-up) 



tdt 



-^gr^i(X_i,p) 



which is isomorphic to the complex 

gr^i M -^ gi^ M © gr\{M-i^p) -^ gT\{M-i,p) 

where the middle term has degree 0. The kernel of the second morphism can be identified 
with gr^j M © grj^ M via 



mo © no I — > no © (mo ^ e^i^o) 



fc=i 



{-tdt) {~tdtmo+tno)®e^i^k 



and the Ti^ of this complex is identified to gi^ M. via 

gr^ M -0®ld^ gr^^ m © grj' M. 

The action of © A^ on grjf M © gi^i{M.-i^p) induces, via these isomorphisms, the action 
of -dtt on gr^ A^. 

Similarly, the complex i'^{j'\j^M-i,p -^ -M) is isomorphic to the single complex associ- 
ated with 

gT^^{M-i,p) ^U grX M 

tdt 
gr^i(X_i,p) >gr^iX 

where the middle term has degree 0. Its 7i° is naturally isomorphic to gr^ A4 and the action 
of N on A4-i,p induces that of —dtt on gr^ A^. 

The morphisms can and Var are defined as 

can — ~dt 



grli M 



Var = t 



'.grXM 



and can be obtained, via the previous isomorphisms, as coming from the morphisms of 
complexes 



0- 



(can) 



M 



^M- 


-i,p 




Jti+^ 


^-i,p 




Id 


or 


N 




^M^ 


-i,p 




JtJ^-^ 


^-i,p 



-^0 



^M 
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(Var) 



M 



0- 



N or 



jfj+M-i,p ■ 
Id 



-^M 



-^0 



3.d. Compatibility with Hermitian duality. We now assume that Ai is regular holo- 
nomic. For any a such that — 1 < a < 0, consider the function u-a-2,p = |i| (log |t| )'^/fc! 

analogous to that of § 2.1; as a function on X. It has moderate growth along Z as well as 
all its derivatives. Hence, for any moderate distribution u along Z , the product u^a-2,pU is 
well-defined as a moderate distribution along Z. 



Lemma 3.7. The pairing 



CxiM)a,p®Ma,p 



Db 



mod Z 
X 



y^ fia,k ® ea,k ® X! "^"'^ ® ^"■- 



\k=Q 



e=o 



y ^ ^J'a,k{'nia,l)U-a,k+i-p 

k,e 



is nondegenerate and induces an isomorphism compatible with N and C^°^^{N) 



Vc,p ■■ Cx{M)c.,p -^ CT'^HMa^p 



such that all diagrams 



Cx{M)a,p' 

(^p.p-\-l 



_i. /^mod Z 



iMa.,p) 



/-^mod Z 
^X 



ibp+i,p) 



C'x{M)c.,p+l > CT''^{Ma,p+l) 



and 



Cx{M)a,p' 



K y^niod Z 



Op+l,p 



{Ma,p) 

\ap^p+i) 






CxiM)a,p^ 



>Cr^^(>(a,p+l) 



commute. 



Proof. First, it is easy to see that the morphism rja^p induced by the pairing induces com- 
mutative diagrams as in the lemma. The compatibility of T]a.p with N and Cx°'^^{N) is 
thus clear. The nondegcncracy of the pairing is then proved by induction on p, the case 
p — being easy. D 



Theorem 3.8. There exist natural isomorphisms of functors from ModhriT^x) to Mod/ir(X'^ 



^t 



Cx^Czoi,^f, (AeC*) and c\ ^^ : <i>rf o C x 

,0 . 



which satisfy the following properties, putting cx ^ " 

• Cx =Cz oo^oCx; 

• cxoN = Cz{N)ocx; 

• c\ -^o can — Cz(Var) o c^ i and cj^ ^ o Var — Cz(can) o c^ i 



C 



zoc^fi'' 
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Proof. According to the previous lemma and to Corollary l.S, the inductive system 

is isomorphic, via 'H^i''ria.p, to Cz of the projective system {H^ {i^ jfj^ A4a.p) , ^p+ i,p) - The 

first part of the theorem then follows from the construction of V'"a"^ recalled in §3.c. The 

proof for 0'°°'^ and the other properties also follow from the same arguments. D 



3.e. Nearby/vanishing cycles for a sesquilinear form. Let A^',A^" be two regular 
holonomic 2?x-modules and let 5 : 7W ^c A^" — > 3Dbx be a sesquilinear pairing. 
We will define, for — 1 < a < 0, sesquilinear forms 

V'a5' : grj; 7W' ® grj; AT — ^ Dbz 
and similarly (for a = 0) (t>iS, which satisfy (with obvious notation) 

c^iSiN.,.)^cj,iS{.,N.) 
^ ■ -* ipiS{Ya.T',') = cl)iS{.,c&ii.) 

'0i5'(«, Var«) — 0iS'(can»,«). 

Denote for a while by Ls the 2?j^-linear morphism M" — > CxM' induced by S. Consider 
^xLs : gT^ M" — > gr^ CxA^' (and (j)iLs defined similarly). Its composition with c^ ^ (or 
c^ ]^) is the linear morphism associated with a sesquilinear form V'a-S' or (l>iS. The properties 



) follow then from the properties of cx given by Theorem 3.8 



Remark 3.10. Denote by M.gi^{M) the monodromy filtration associated to the nilpotent 
endomorphism N , i.e. the increasing filtration such that NMu C Mk-2 and for all ^ > 0, 

grfgr^X -^ gr^kr^-M 

is an isomorphism. Let P gr*^ gr^ Ai denote the primitive part 

Ker [iV^+i : grf gv^ M -^ gr^^^ gr^ M] . 
The pairing tpxS, being compatible with A^, induces for any £ a pairing 

grf'gilM'^gT^^gr^M^ '" ) Vbz 



and is nondegenerate iff ^p\/S is nondegenerate for any i. This is so iff the pairing induced 
on the primitive parts 

(3.11) Pgrf gr^A^'®Pgrf grJ^A^" --^ ^ U mz 

is nondegenerate, according to the Lefschetz decomposition. Similar results hold for (\)\S. 
For ^ > we will set 

Pi,y,jS =*' i)x.iS o (Id ®N^) and P0i,f S* =^ <^i,£S' o (Id ®7V0 

We deduce from Theorem |3.8| : 

Corollary 3.12. The sesquilinear form S is nondegenerate in a neighbourhood of Z if and 
only if all sesquilinear forms P-ipxjS (X G C*, i >0) and P(j)i^iS (£ > 0) are nondegenerate. 
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Proof. According to Remark 3.10, it is enough to show that S is nondegenerate iff aU %l>xS 
and (piS are so. Now, Ls is an isomorphism in a neighbourhood of Z if and only if all ipx^s 
and 4>iLs are isomorphisms: this follows from the fact that a regular holonomic module A4 
is equal to zero near Z if and only if all its moderate nearby or vanishing cycles vanish on Z. 



The result is then a consequence of the definition of ^fj\S and ipiS and of Theorem 3.8. D 



4. Hermitian duality and asymptotic expansions 
We will give in this section a more explicit description of the compatibility morphisms 



given in Theorem 3.8, using asymptotic expansions (in the sense of Remark E^(2)). The 



main goal will be to give a more precise version of Theorem 2.1, taking into account the 
order with respect to the Malgrange-Kashiwara filtration. 
We begin with some easy results in dimension 1. 

4. a. Dimension 1. 

Regular holonomic distributions and Malgrange-Kashiwara filtration. If u is the germ at 
G C of a regular holonomic distribution defined on some open disc D centered at the 
origin, we denote by a'(u) the order of u with respect to the Malgrange-Kashiwara filtration 
of the regular holonomic module V^u C Tibo and by a"{u) its V.-order in Vjpi. Notice 
that, according to the strictness property of any morphism between holonomic modules 
with respect to the Malgrange-Kashiwara filtration, if u e Vd ■ u, then a'{v) is equal to the 
y-order of v when viewed as an element of Vd ■ u. 
We obtain in this way increasing filtrations 

V^,(RHDbc,o) ^ {ue RHSbc^o I a'{u) < a'} 
K^'„(RHDbc,o) = {ue RHS)bc,o I a"{u) < a"} 
(where < is the fixed total ordering on C) and thus a doubly indexed filtration 

K.-,„"(RHS)bc,o) = F^,(RHS)bc,o)nC'(RHS)bc,o)- 
We then put 

gr^, „„ RHDbco =' F„^„"(RHDbc,o)/Ct^<a',a" + K.',<a")(RH2)bc,o). 



For A e C*, choose a G C with — 1 < a < such that A — exp(2i7ra); put as in § 2.b 



l^l_.(„,, (1^ ^^, 



p\ 



RHS)bc,o(A)=^Pc.o^c,o 

p>0 



^a,p 



We then have 



RHDbco = ® RHDbco(A). 
\eC' 



Proposition 4.1. The filtration V.^.(RHS)bc.o) satisfies the following properties. 

(1) tVa'^a" C Va'-i.a", resp. tVa\a" C Va'^a"-i, With equality if a' < 0, resp. a" < 0. 

(2) dtVa',a" C Ki' + 1,Q", resp. dfVa'^a" C Va',Q" + l. 

(3) Let u e RH!Dbc,o- Then u e Vq'.q" iff there exist k' , k" e N with 

{dtt + a')'''ueV<a',a" and {8^1 + a")''" u e Va' .^<a" ■ 
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(4) We have 

-i<Q<o k\k"ez p>o 

a-\-k' <a' 
a-\-k" <a" 

and grj;, „„(RHS)bc.o) = if a' - a" ^ Z. 

(5) For any aeC, {dtt - d^)Va,a C V<a,a + Va,<a- 

Proof. The assertion (||) and the first part of (|l|) follow immediately from the properties of 
the Malgrange-Kashiwara filtration on holonomic modules. 

Let us prove the second part of (|l|). Let u £ VQ'_i,Q"(RHDbc,o) with a' < 0. According 



to (3J^), there exists then v € RHSbc,o with a'{v) < a' such that u — tv. Let b{dfrt) be the 



minimal polynomial satisfying b{dft)u = tP{t,dit)u with P G VoV-jj g. Then w = [b{dft) — 
tP{t,dit)]v is supported at the origin and satisfies a'{w) < a'{v) < a' < 0. Therefore, by 



(3T), we have w = and v satisfies a"{v) < a"{u). 

For (^), remark that there exist l3',P" such that u G Va/_/3"(RH J)bc,o)- We may assume 
that /3' > a' and /3" > a" . There exists polynomials B'{—s) {resp. B"{—s)) with roots in 
]a',(3'] {resp. in ]a",/3"]), such that B'{dtt)B"{d^t)u belongs to Vq'^q". Applying Bczout 
and the condition in (g) we conclude that u belongs to Va'^a"- 

Let us now prove (|j) and (^. Wc will first need the following lemma. 

Lemma 4.2. (a) We have gr^,^„ RHS)bc,o(A) ^ if P' ^ a + Z or f3" ^ a + Z. 

(b) For all k' , k" £ Z we have 

T4'+a.fc"+a(RHDbc,o(A)) =^Ffc'(2?c.o)^fe"(^c.o) •"",P- 

(c) For —1 < a < 0, the classes of Ua.p (p > 0) form a basis of the C-vector space 
grj:„RHDbc.o- 

(d) The classes of dtdpi-i^p (p > 1) form a basis o/gr^Q RHSbc.o- 



Froo/. According to (2.2), the distribution Ua.p (—1 < a < and p G N) satisfies 

(4.3) (dtt + a)P+\^^p = {dtt + a)P+^u^,p = 0. 

It is then in Va^a- 

It follows that, for any P G T^ q, the correspondence 1 t— > Pu^^p induces a surjective 
PcQ-linear morphism 

'Vcfil'DcAdtt + aY+^ ^ Vc,o-Puo.,p. 

This implies that, for any /c G Z, we have 

(4.4) Vl+^{Vcfl-Pu^,p) - Vk{Vcfi) ■Puo,,p 

because a similar property is easily seen to be true for I?c,o/2?c,o(c^t^ + Q^)^^^ ^^nd any mor- 
phism of holonomic I?-modules is strict with respect to the Malgrange-Kashiwara filtration. 
By the same argument we also get that, for — 1 < a < 0, 



Vk'+a,k"+a [T^Cfl'P'cQ'^a.p) — Vk' {V c fi)Vk" {V-^ ^ 



U. 



a^p- 



As Rm)bc,o(A) = l\mp'Dcfl'D^QUa,p, the statements (a) and (b) are clear. 

Part (b) shows that the elements given in part (c) or (d) generate the corresponding 
bigraded object. If we have, for — 1 < a < 0, a linear relation between the classes of Ua,p 
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{ p > 0) in grj^^ RHS)bc,o then, by applying a suitable power of dtt + a and using relation 
(2.2), we would have a relation 

p p 

which is clearly impossible by considering the valuation at 0. Similarly, a linear relation 
between the classes dtdju^i.p {p > 1) would imply that S S (VLi.o + Vb,-i) RHDbc.o- 
Notice now that 

t : l/_i,o(RHSbc,o) -^ y-2,o(RH2)bc.o) 

is bijective: part (b) shows that it is onto; it is injective because t : V!_i -^ V!_2 is so, as 
follows from ( |3.1| ). 

So, if (5 = i^i^o) + m(0'-i), we have to^-i'"' e F_2,o n F_i,_i = T^-2,-1, hence w^-i'") G 
y_i._i and similarly u'*''^^^ £ VLi^_i, so (5 G V^-1,-1, which is impossible because t acting 
on F-i.-i is injective. D 

The statement (0) of the proposition follows from (b) in the lemma. 
(2.2) clearly imphes that, for all fc,£ e N, we have [dtt — dji)u = ii u — tH dfdjUa,p, 
for —1 < a < 0. Then (||) follows immediately. D 

The Malgrange-Kashiwara filtration for C^RHSbco- In order to apply similar consider- 
ations to asymptotic expansion, we will introduce the Malgrange-Kashiwara filtration on 
C°°RHDbc,o. Put 

F„,,„,,(C°^HDbc,o) =' C°°-F„,,„,,(RHDbc,o)- 
We clearly have 

(4.5) K.,,„,,(C°°RHS)bc,o) = F„,,„,,(RHDbc,o) + (^^<a',a" + F„,,<„,0(C°°RHS)bc,o), 



hence a surjective morphism gi^, ^,, RHS)bc,o -^ gr^' a" C°°RHDbc 



0- 



Proposition 4.6. The results of Proposition 4.1 apply as well to V,,.(C°°RHS)bc.o) o,'r>'d 
moreover 

grl,^^,, RHDbco = gy:l,^o." C°TlHSbc,o • 

Remark 4.7. It follows from Propositions [4.l| (|^) and 'LQ that the nilpotent endomorphisms 
induced by dft -I- a or dji, -I- a on grj^^ C°°Rm)bc,o coincide, for —1 < a < 0. 

Proof. (0), (|), (|) and ^ in |t| immediately extend to C~RH£»bc,o- Moreover, (|) clearly 
gives 

(4.8) K.-,„"(C°TlHDbc,o) ^ Y. Y. IIC°°-14-(Pc,o)-T4"(^c,o)-"",p- 

-i<Q<o k',k"ez p>o 

a+k' <a' 
a-\-k <a' 



An argument similar to that of (c) and (d) in Lemma 4.2 for C°°RHX)bc.o gives the last 
assertion of Proposition 4.6. D 
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Localization and Mellin transform. We may give similar definitions and similar arguments 
for the germ RH£)bg°o'^". We say that a germ u e RH£)bg°o'*° has order less than a' if it 
belongs to Va'{'Dc,ou), etc. We get in particular 

-1<Q<0 P 

K:'„(RHDbs:o^°) = E E^c,or^]r[""-"io^o.^„,p, 

-1<Q<0 P 

14,,„,,(RHDbS;o'°) '= K:'(RHDbS;o'°)nF^'.(RHI)bS°o'^°) 
(4.9) = E E^"'"'""'^c.o-r[""-"lo^,o-"a,P 



-1<Q<0 P 



Put 



(4.10) = E E^"'"""'^"'"'""'cg^^o-«.,p. 

-l<a<0 p 

From y, Theorem 4] we obtain: 

Proposition 4.11. Let u e C°°RH£>bc,o and denote by u its image in C°°RHI)bg°o'^°. Let 
a', a" G C. r/ien u G Vq'.q" «/ a'T-rf only if for any k' , k" G Z </ie po/es o/ the meromorphic 
function J^u ' (s) are < iRm{a' ~ k' ,a" ~ k"). D 

Remark that it is enough to verify the previous criterion for k" = and fc' G Z for 
instance. 

Put V^,{C°°RRDbc°o°) = Up»Vc,',p" and define V^'„ similarly. 

Corollary 4.12. For any a' , a" G C with a' — a" G Z, we have 

K' ,a" (C°°RH S) bS°o'^ " ) = T/^. (C°°RH S) bS°o'* " ) n C' (C°°RH S) bS°o'* " ) . D 



It also follows from Lemma 4.2(b) and Formula (4.£) above that 



odO 



(4.13) 14',a"(RHDbS°o ) = image [yo.^a"(RHS)bc,o)—>S)faS°o 

and thus a similar result for C°°RRT)bc°o°- 
Corollary 4.14. For any a', a" G C we have 

K.',a"(C°°RHS)bc,o) = C(C°°RHS)bc,o)ny^'„(C°TlHS)bc,o) 
Proo/. Let u G V;^,(C°°RHS)bc,o) n V^„{C°°R}i'3bc,o)- Then u G K',a-(C°°RHI)bc°o 



mod \ 



hence, by (4.13), there exists v G Va' ^a" {C°°RHT)bc,o) such that u — w is supported at 0, 



i.e. belongs to 

C(C[9t,a,]-5)nO(C[9t,9r]-5) 
which is easily seen equal to Va\a" {C[dt , d^] ■ 6). D 

Remark 4.15. For u G C°°RH!Dbc,o, we have a'{u) < a'(u) with equality if a'{u) < 0, and 
a similar result for a" . 
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The morphisms Lq. According to (c) and (d) in Lemma 4.2, we may give the following 
definition: 

Definition 4.16. For —4 < a < 0, the linear morphism 

L„:grj:,,C°°RHS)bc,o^C 

is obtained by taking the coefficient of the class of — ^^ if — 4 < a < and the coefficient of 

2«7r 
4 2 

the class oi 5 — dtdrlog \t\ if a = 0. 

2i7r 

It will be convenient to denote also by La the map composed with the previous La and 
the projection Va.a -^ gi'a qj so that La{u) = if a'{u) < a or a"{u) < a. 

Proposition 4.17. Let v e gr^j^QC°°R'ii'£ibc,o and w G gr^.^ C°°RH2)bc,o- We then 
have 

Lo{—dtv) — L^i{tv) and Li^{—djw) — L^i(tw). 

Proof. Any such v can be written as d^ (X]p>i ^p „. '^ ) • Then we have L_i(tw) = vi since 
ic%log |i| = 4, and 



dtv = dtdi ^ Wp 



M-l,p 

2i7r 
p>i 



so Lo{-dtv) = wi. n 

Proposition 4.18. For — 4 < a < and u G VQ,a(C°°RHDbc,o), we have 

La{u) = •Ress=a Ji°'°^ with-k^Q. 
Proof. This follows from the computation in the proof of Theorem 4 in [Q . D 

Remark 4.49. For u G Vb.oC°°RHJ)bc,o, we may also compute Lq{u) as the residue of the 
Mellin transform of the localized Fourier transform of the germ u: 

Lo{u) = i.ReSs=-iJ^^fi with* 7^0. 

4.b. The morphis m gr^ Cx-M -^ Cz grj^!^ M. defined using asymptotic expansions. 

Keep notation of § 3.b. Let 7W be a regular holonomic Px-module. In order to define 
morphisms grj^ CxM — > Cz grj^ tVI, we will show below: 

Assertion. For any open set Vi <Z Z , any disc D C C centered at and for — 4 < a < 0, 
the mapping 

(4.20) T{nxD,Va{M))(E)T{nxD,Va{CxM)) — > T {n,Tibz) 

c 

(m,^) I — > [ipt-^ La{{fi{m),(p))] 

is well defined (that it takes values in 'Sbz can be seen as in [^ lemme 1]) and induces on 
Va{M) ®c V<a{CxM) and V<aiM) ®C Va{CxM). 



Therefore, (4.20) well defines a V^^-lmear map 



z,z 



(4.24) r{n,gr^M)^r{n,grliCxM)) ' ' ' ) mzm. 
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Moreover, denoting by N the action of dft + a on the left as well as the action of d^t + a on 
the right, we have, according to Propositions 4.1 (|) and |4.6| , 

{Nm,fj.)a = {m,Nfi)a. 

Therefore, (•, •)« defines, for —1 < a < 0, a V-^-linear morphism 

ex AM) : gr^ CxM -^ Cz gr^ M 

changing N into Cz{N), i.e. the following diagram commutes: 



V Cx.a{M) 

gvX CxM ■ > Cz gr^ M 



(4.22) 



N 



g^l CxM 



ex AM) 



Cz{N) 



^Czg^lM 



More precisely, cx,a is a functorial morphism between the functors gr^ Cx and Cz gr^ . We 
may also consider cj^ ^ , defined in a similar way. We then have 

(4.23) cx,a = Czoe^^oCx- 



According to Proposition 4.17, the following diagram and its Hermitian dual analogue 
commute: 



gr^i CxM ^^^^^ U Cz gr^i M 



(4.24) 



-d-t 



gro^ CxM 



cx,o{M) 



Cz{t) 



^Czgr^M 



Theorem 4.25. LetA4 be a regular holonomicVx -module. Then the morphism ex ^a (~^ ^ 
a < 0^ coineides with ej^^ f A = exp{2iTra) ) and cx,o coineides with c\ ^. 

Before proving Theorem 4.25| , we will justify the construction of the morphisms cxAM) 
by proving the assertion. 

Lemma 4.26. Let M. he a regular holonomie Vx-module. Then, for any a', a" £ C, fc G Z 
and any seetions m G T{Q x D, Va'M), n G r(0 x D, Va"CxM) and any Lp e !?("■") (fi), 
the meromorphic functions Ju^' (s) have poles < min(a' — k,a"). 

Proof. Denote by K the support of ip and by p > the order of the distribution fi{m) 



on K X D. For <? G Z, the functions (i, s) ^-^ \t\ tP+'^ and (i, s) t^ \t\ t^^^ are Cp on 
{Re(s) > —q} X C and depend holomorphically on s. Consequently, if x G C^{D), the 
function s i-^ {u^, x{t) \t\ ^ t^^'^dt A dl) is holomorphic for Re(s) > —q. 

Let bm be the Bernstein polynomial for m on K x D: there exists P G r{K x D, Vq^xxc) 
such that bmidtt)m = tP{x,t,dx,dtt)m. By assumption, the roots of &m(— s) are < a'. 
Denote by &^ the Bernstein polynomial for n; the roots of bfj,{—s) are < a" . Fix fc G Z, 
choose r > so large that p — r < a' and consider the polynomial 

-fe 
B'idtt) - II bAdtt + j). 

We have B' {dtt)t'' fi{m) G t''+''{VoVn^D) ■ l^{m). Hence 



B'As)ji':^°\s) 



^ -x(fc+r,0) 



J^^™^^) modO(C) 
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for some -0 € C'^{Q). But jTuJ ^' '{s) is holomorphic for Re(s) > p — k — r, hence for 

Re(s) > a' — fc. As the zeros of B'{—s) are < a' — k, we conclude that the poles of J'u^' (s) 
are < a' — k. 

A similar argument for 6^ shows that the poles are < a" . D 

Proof of the assertion. If a' and a" are < 0, the desired assertion follows from Proposition 
4.11| and Remark |4.15| . 

In general, one uses Proposition [4. l| (p|) together with Proposition 4.6 to show the assertion 
for any pair (a', a"). D 

4.C. Proof of Theorem 



4.25 



First step. Assume that A4 is supported on Z . One then has 

i+M = VqM =KcT[t:M^ M] 

i+CxM = VqCxM = Ker [t : CxM -^ CxM] 

On the other hand one has 

Ker [t : mx,z ^ Sbx,z] = Ker [t : mx.z ^ ^bx,z] 

and one may identify this sheaf with "Dbz by defining, for any /i € Keri and ip G C'^'"{Z) 
(with n = diniZ), (n,f) = ^J.{ijjdt A di), where ip is any C^ in,n) form on X such that 
V'|z = f- The pairing CxM <8ic M ~^ T)bx.z induces a pairing 

VoCxM ® VoM — >KeTtc^Dbz. 
c 



This is the pairin g con structed in Corollary 1.3. It coincides with the pairing defined with 
the help of Lq in ( 4.16| ). 

The theorem being true for modules supported on Z, it folUows that it is enough to prove 
it for modules satisfying M. = j+j^M = M.[t^^]. Moreover, as (c^ ;^, c^ ^) and {cx,-i,cx,o) 
are both compatible with can and Var, it is enough to prove the theorem for — 1 < a < 0. 

Second step. Assume now that M — j^j^M — M[t^^]. We will show that the nondegen- 
erate pairing 



given by Corollary 1.3 coincides with that defined with the help of cx,o- Notice that CxM — 
ji'j'^ CxM, so that 

n"{i+t+CT'^^M) = KeT[loc: CxM ^CT'^^M] 
n"{i+i+j^j+M) = Coker [coloc : j^j+M -^ M] 



Identify 



and 



n°{i+cT'^^M) with Von"{i+i+cT'^^M)cVoCxM 



n^ii^JiJ^M) with VoTi" {i+i^JiJ^M) (a quotient of VbA4). 

Let yu be a local section of VqCxM and m a local section of VqM. Then, if fj, is in 
H'^ {T^ Cx""^ ^ M) , the distribution fj,{m) is supported on Z and is in Keri. We may thus 
apply the first step to get the result. 
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Third step: proof for — 1 < a < 0. We may assume that M. = j+j^M. We will show 
that cx.a can be com.puted using Aia.p, as we did for c^ ■^. The second step will then give 

CX,a — Cx,A- 

We have isomorphisms 



r^ CxiM) 



<M) 



Lemma 3.7 



KeTtdt{cgTZ^CxiM)a.,p) 
Kerta^ (c gv^^CT''^{Ma.,p)) -^^KeriSj (c gr"^^ Cx (Ma., p)) 



^ > CziCokcYtdt) (C Cz(grri Ma,p)) -^ Cz{grlM). 

CX,~l{Ma,p) P.q ) 



We will identify the composed isomorphism 

(4.27) gZCx{M) ^ 

with cx,a(,M)- 

Let /i be a local section of VaCxM and put 



Czig^lM) 



Ja,p = Y^[-{^^t + a)f^l®ec,k £ Cx(X)a,i 



fc=0 



According to Lemma 3^, we may view jia.p as a local section of 0^°"^^ {Ma,p) by putting, 
for Y7e.=Q "^^ ® ea,£ £ A1a,p, 

p p 

1=0 k,e=o 

To understand the image of (the class of) Jla.p by the morphism cx.-i(A^a,p), we fix a local 
form ip of maximal degree and with compact support on Z and consider, under the condition 
that all mg are in VaAi, the coefficient of — in 

2iTT 



(4.28) 



J2 {[-{dtt + a)]''fi{mi),^)-u^a-2^ 



k+l-p- 



ki=a 



The only terms contributing to it are those for which k + H = p. Put 



inirrii), ip) =^ Vij^p^ with vij £ C 



3>0 



The coefficient of w_i_o in ( 4.28 ) is X]fe=o(^-'^)'^^p-fe,fc- 
On the other hand we have 



L^(L(j2i-i9tt + a)Ymp^ 



e=o 



-n,v 



^«(E(-i)'E-p 



£=0 



j>0 



' 2i7r 



E(-i)'"p-^ 



Consequently, (4.27) coincides with cx,q(A^). This ends the proof of Theorem 4.25, D 
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4.d. Relation with some results of D. Barlet. We will show that Theorems 3.S and 



4.25 give generalization to regular holonomic modules of some results of D. Barlet concerning 
effective contribution of monodromy to poles of / |/| ** for a holomorphic function / : Z — > C 
on a smooth manifold Z (cf. 0). Remark that the assumption on monodromy made by 
D. Barlet concerns monodromy on the cohomology of the Milnor fibre of /; here however, 
the assumption concerns monodromy on the complex of nearby or vanishing cycles and may 
give better results (see e.g. |ll| ). 

Let ipfCz and (j)fCz denote the complexes of nearby and vanishing cycles (see 0]) and, 
for A S C*, denote by ipf^\Cz and (for A = 1) <j)f^iCz the complexes corresponding to the 
eigenvalue A (and 1) of the monodromy (see the construction in |^ or (l5|). These complexes 
are perverse up to a shift and are equipped with a nilpotent endomorphism (the nilpotent 
part of monodromy). Let M, denote the monodromy filtration in the perverse category (see 
e.g. |, §L6] or |l|,§ 1.3.9]). 

Corollary 4.29. Let x° G /^^(O) and assume that x° belongs to the support of grf^ ipf^\Cz 
for some A — exp(2i7rQ;) G C* (—1 < a < 0) and i' G N. Then for any sufficiently small 
neighbourhood V of x° there exists if> G P'"'") [V] (n = dim Z) such that the function 

I^: SI — y / \f\^" ip 
J z 

has a pole of order at least i at some a ~ k with fc G N. Similarly, if x° belongs to 
Supp gr^^ (f)f^iCz, then for each V there exists ip such that the pole order is at least £ + 1 at 
some negative integer. 

Remarks. (1) If £o is the maximal integer £ such that x° belongs to Suppgr^ ?/j/_aCz 
(or belongs to Suppgrf ^pf^iCz U Suppgr^^ (fif^Cz if A = 1), then the pole of any 
function I^{s) at points a — fc, for ip supported in a small neighbourhood of x°, has 
order < £o. 
(2) If I^ has a pole of order £ at some a — p for some (p, then for any p' > p there exists 
Ip such that 10 has a pole of order £ at a — p': put V-' = |/| P>- 



Proof of Corollary ^.2d{. Denote byi/:Z^^X = ZxC the graph inclusion. Put M. 



if+Oz- As CzOz = Oz (Dolbeault lemma) we have CxM. = M. We then get a sesquilinear 
pairing 

S ■.M(g>cM — >2)bx. 

Let us consider first the case of nearby cycles (—1 < a < 0). By assumption, and using 
Riemann-Hilbert correspondence for nearby cycles, there is a local section m of A4 such that 
m G Va{M), the class of m in gr^ M belongs to Mg gr^ M and its class in gr*-'^ gr*^ M is 
nonzero at x°. 



As the pairing (3.11) is nondegenerate, there exists ^ in VaA4 such that S'([m], N [^]) ^ 



in T)bz. This means that there exists ip G D'^"'")(Z) such that, if we put 
m = J2^^^lSit - /), ^1 = J2l^AS{t - /), 

i>0 j>0 

where mi,iij are holomorphic in a neighbourhood of x°, the germ 



Y^dld^idtt + af 



rriipLjip 
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in C°°RHSbc,o has a nonzero coefficient on Ua.o- Hence, there exist i and j such that 
dl&jr Jf—f TTiiJIjil) has a nonzero coefficient on u^^i- The result foUows from the computation 
of MelUn transform ( M Theorem 4] ) . 

The assertion for (j) follows from 

(4.30) grf (0iA^),. ^ =^ gr^^i(V'iX),o ^ 0, 

for which we briefly recall the proof. As Oz is a simple P^-module, A^ is a simple 2?x- 
module, according to Kashiwara's equivalence theorem. In particular it has neither submod- 
ule nor quotient module supported by Z . This implies (see p5| , Lemme 5.1.4] forgetting the 
filtration F) that can : tpi ^> (pi is onto and Var : 0i — > -01 is injectivc. From KB, Lemme 
5.1.12] we deduce that for any £ we have 

can (M^Vi) C M^_i0i, Var (Af^0i) C M^.iV-i 

and that the induced morphisms 

can : gr^^ Vi ^ gr*-i 0i , Var : gr^ ^i -> grf^^ Vi 

are respectively onto and injective. D 

Remark 4.31. In 0, D. Barlet introduces the topological notion of "tangling of strata" and 
shows how this tangling can be detected by inspection of the order of poles of the functions 
Iip{s). This notion has the following interpretation. Assume as in loc. cit. that for some 
eigenvalue A ^ 1 the support of ijjf^xCz is a curve S near x° and assume furthermore for 
simplicity that the germ {Y,,x°) is irreducible (one may easily extend what follows to the 
reducible case). The complex ^pj^xCz is perverse up to a shift by dimZ — 1. Let z be a 
local coordinate on the normalization of S. Consider the corresponding diagram of vector 
spaces: 



V 

The left hand term corresponds to the generic fibre of the local system -0/^ on S — {x°} 
and A''' = 11 o c is the nilpotcnt part of the monodromy relative to z of this local system. 
Moreover, Cokerc {resp. Keru, resp. Kerc) is isomorphic to the generalized eigenspace with 
eigenvalue A of the cohomology of the Milnor fibre F^o of / at x° in maximal degree dim Z — 1 
(resp. the cohomology with compact support, resp. the cohomology in degree dimZ — 2). 
As usual, c and v are compatible with the direct sum decomposition indexed by fj, and their 
/i-components are isomorphisms if /i ^ 1. Moreover, c and v commute with the nilpotent 
part N of the monodromy of /. 

The tangling phenomenon (for the eigenvalue A) appears when the nilpotency indices of 
N on the cohomology sheaves of ipf^xCz are strictly smaller than the nilpotency index of 
N on the complex ipf^x^z- The latter can be read from the pole order of functions /<^(s) 



(Corollary 4.29) 



This also means that the nilpotency indices of A^ on the spaces ipz,iipf,xCz and Cokerc = 
H'^^'^^~^{Fxo)x are strictly smaller than the nilpotency index of A^ on the space (j>z.i'4'f,xCz. 

This would not happen if c were strict relatively to the monodromy filtration M(N). In 
such a case, still denoting by M{N) the monodromy filtration on Cokerc, we would have 

gr*^ Coker c = Coker gr*^ c 

and gif^ (j)z,iipf,xCz would vanish as soon as grf ipz,iipf.xCz and gif^ H'^^"^^~^{Fxo)x do 
so. 
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More generally, as Imc and Kerf are stable by N, the tangling phenomenon would not 
happen if (f)z,i'4'f,\Cz could be decomposed as Imc© Keru, which is equivalent to the 
property that the canonical morphism Hf™^~^{Fx'>)x -^ H^"'^^~^{Fxo)x {i.e. Kerv -^ 
Cokerc) is an isomorphism (or injective, or onto, as dimKerw = dimCokerc by duality 
and self-conjugation oiipfCz)- When such an isomorphism occurs, there is no "topological 
tangling" in the sense of Barlet H . 



[lo: 
[11 

[12 

[is: 

[14 

[is: 
[16: 
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